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APPROXIMATE THEORY FOR LOCALLY LOADED PLANE
ORTHOTROPIC BEAMSt

H. TSAIt and A. I. SOLER§

Towne School of Civil and Mechanical Engineering, University of Pennsylvania, Philadelphia, Pa.

Abstract-Governing equations for the orthotropic, rectangular strip are investigated to obtain solutions illus
trating the relationship between classical beam theory and higher order theories. The exact equations of
generalized plane elasticity are reduced to coupled sets of ordinary differential equations by using series repre
sentations in Legendre polynomials for all dependent variables. The coupled differential equations are obtained
in a form such that a proper truncation scheme to extract any higher order theory is easily formulated. Sample
problems involving uniformly and locally loaded beams are worked out using typical values for the material
constants. Comparison of results with existing solutions shows that problems involving slowly varying loads
with material orthotropy can be handled by classical thin beam theory; however, local loadings, coupled with
materials orthotropy, preclude the use of any classical beam theory, even for thin beams.

NOTATION

I
h
x,y

1'/
N,M,Q
Sf.)

UA ,WA ,f3
U(·)

p.(I'/)
Q.(I'/)
Ex, Ey, vxy, vyx' GXY

p, p*, q, q*
a

length of rectangular strip
thickness of strip
axial, thickness coordinates
dimensionless thickness coordinate
stress resultants of classical beam theory
higher order stress coefficients
deformation variables of classical beam theory
higher order deformation coefficients
Legendre polynomial of integral order n
= p.(I'/)-p.- 2 (1'/)
orthotropic material properties
specified lateral surface tractions
local loading parameter

INTRODUCTION

IT IS well known that classical beam theory is not valid for beams with large thickness-to
length ratios; also the effects of localized loading are not accurately predicted by classical
beam theory even for small thickness-to-Iength ratios. These effects may be greatly magnified
by material anisotropy.

In this work, a higher order beam theory is established by suitably truncating Legendre
polynomial series representations of the 2-D plane elasticity solution. Many authors have
used just such Legendre polynomial series representations to construct approximate
solutions to various elasticity problems; for example, we note the work of Mindlin and
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Medick [1], Medick [2] and Hertelendy [3] concerned with higher order dynamic effects
in plates and rods. The inclusion of higher order terms in the truncation yields a beam
theory containing the main corrections to classical beam theory due to thickness effects.
local loading effects and material anisotropy. It is recognized by the authors that with
the advent of modern high speed computers, efficient numerical techniques have been
developed to solve such plane problems; however, it is felt that there still exists some
justification for studying approximate analytical solutions to gain insight into effects of
varying values of material properties and to ascertain regions of rapidly varying stress
and deformation.

Previous investigators of anisotropy effects in plane elastic strips concentrated their
efforts on distributed polynomial loadings [4,5]. In general, these previous investigators
concluded that for these kinds of loadings, the effect of anisotropy shows up mainly in
the value used for the Young's Modulus in classical beam theory; other than this effect, they
detected no deviations in the stress and deformation fields (from the predictions of classical
beam theory) that were of practical engineering significance.

A higher order elastic beam theory has been developed for isotropic materials; it has
been shown that this new theory was capable of predicting deviations from classical beam
theory due to localized loading and due to thickness effects [6]. In the first part of the
work to follow, we extend the solution procedure developed in Ref [6] to the case of ortho
tropic beams; the main purpose of this study is to examine the orthotropic beam problem
in the presence of local loading. We show that material anisotropy, coupled with local
loadings, results in classical beam theory severely underestimating maximum stresses even
for relatively small thickness-to-Iength ratios. On the other hand, we reinforce a conclusion
of Ref [4] that for slowly varying loading, material orthotropy does not prevent the usc
of a slightly modified classical theory for thin beams.

DEVELOPMENT OF HIGHER ORDER BEAM THEORY

Using the notation of Fig. 1, the governing generalized plane stress equations including
material orthotropy are: (Yf = 2yjh)

aux +~ auxy = 0
ax h oyJ

::l 2 ~

ouxy +_ ou y = 0
ax h OYf

Vyx vxy

E)' Ex

Associated with these equations boundary conditions are

uxy or U x and u)' or uy specified on YJ = ± 1, all x
(2)

(Jx or Ux and uxy or Uy specified on x = const. edges, all Yf.
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Following [3J, we assume convergent series solutions for all of the dependent variables
in Legendre polynomials:

00

( ) "'""xnlPn(n)(jx x, fJ = L..r "
n=O

OCJ OCJ

(jxix , IJ) = L Sx~Qn(lJ) = L (s~n;-Sr/2l)PifJ)
n=O n=O

OCJ OCJ

(jy(x, IJ) = L stynIQn(fJ) = L (stynl_s~n+2l)pn(lJ)
n=O n=O

OCJ OCJ

ux(x, IJ) = L UrIQn(f/) = L (Ur)- U~+21)pn(f/)
n=O n=O

OCJ OCJ

uy(x, fJ) = L u~nIQn(lJ) = L (u~nl_ u~n+21)pn(f/)'
n=O n=O

(3)

In the above, we have defined the complete set of functions Qn(f/) as follows:

Qo(lJ) = Po(IJ); QI(IJ) = P1(1J); Qn('1) = Pn(fJ) Pn+2('1) n> 1. (4)

Note that since Qn( ± 1) = 0 for n > 1, the first two coefficients ofeach series representa
tion in Qn('1) completely describe the function on the lateral surfaces of the beam; hence
lateral surface boundary conditions are exactly satisfied by proper choice of certain
coefficient functions having superscripts zero and one.

Substituting equations (3) into equations (1) and making use of certain recurrence
relations involving Legendre polynomials removes the IJ dependence and yields the set of
ordinary differential equations governing the coefficient functions as:

n2:;Os(n+l) =xy

S(n+ I) 
y -

h dSrl

2(2n+ 1) dx

h _,!,s(nl s(n+21)
2(2n+ 1) (lx' xy - xy

(5)

(6)

Slnl = E ~u(nl_u(n+2l)+v is(n)_~n+2l)x xdX" x x xy\ y y (7)

(9)

(8)u(n+ll = h {S(~I_S!n+21_v s(nl}
y 2Ey(2n +1) y y yx x

h {s(nl S!n+21 d }u(n+ Il = x - xy (u(nl_ u(n+2l) ,
x 2(2n+1) G

XY
dx y y

Equations (5H9) represent a five-fold infinite set of coupled equations which, when
solved, yield the exact solution to the plane elasticity problem. To practically obtain a
solution, of course, requires that a suitable truncation procedure be established. In Ref. [6],
equations for the isotropic case [similar to equations (5H9)] were shown to decouple to
the extent that all unknown coefficient functions were determined exactly in terms of
the shear stress coefficients S:~; further, a set of coupled equations involving only the
coefficients S~~ were developed. Therefore, in Ref. [6], the truncation or closure, of the
infinite set of equations was established based only on a truncation of the shear stress
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series. In this work we proceed in a slightly different manner; that is, we first establish a
truncation procedure for the set of equations (5H9), and then, only in solving a particular
problem do we obtain the relevant governing equations in terms of shear stress variables.

We consider an Mth order approximate theory to consist of the exact first M + 1
contributing equations from each of equations (5H9); these 5M + 5 equations contain
5M + 13 coefficient functions of which four are specified by virtue of satisfying boundary
conditions on IJ = ± 1. As written, the Mth order theory is not complete in that there are
four additional functions U~M + 2 1, U~M + 2), S~M+ 21, S~": + 2) for which we .have not written
governing equations. The form of equations (5H9) suggests the following closure scheme.
The 5M +5 equations as written are exact and illustrate all of the couplings between the
variables that appear; the closure is effected by using equations (5), (6), (8) and (9) for
n = M + 1 to obtain the needed four additional equations. The approximate nature of
the theory is introduced by neglecting all terms in these four additional equations containing
any functions not already introduced in the original 5M equations. Thus, to obtain a
deterministic Mth order theory, we write, in addition to the 5M +5 exact equations, the
four approximate equations

S(I\1+2) '"
r ."""

h d (1\1+ II
_._-~. --_·S
2(2M + 3) dx xy

(10)

U(M+2) ~ h 5(M+I).

y ~ 2EpM + 3) y •
h {'S(I\1+.1) du(M+ Il.'l

U~M+2) ~ __~_. _..=:v __ ,_ Y. __ ,.
2(2M + 3) . G,l' dx I

( Il)

Some additional comments concerning this truncation scheme are found in Ref. [7].
As noted previously, boundary conditions on the lateral surfaces are satisfied by

specifying four of the eight coefficient functions S~Oj, S~~'>, S~O), S~l), U~°l, U~l), U;O), U~l)

depending upon the problem considered. Boundary conditions on the x = const. end
surfaces are easily satisfied up to the order of the Mth approximation by using the ortho
gonality of the Legendre polynomials; thus on the end faces we must specify

n = O. 1. ... M. (12)

EQUATIONS FOR THIRD ORDER APPROXIMATION

In this section are presented the governing equations for a third order approximation
in the sense defined above; such a theory may be sufficient to obtain analytical results
for many problems of engineering interest. The following definitions from classical beam
theory are noted

pIx) = O'Xy(x, 1)+O'xy(x, ~ 1); p*(x) = aXY(x, l)-axy(x, -1)

q(x) = aix, I)+O'y(x, -1);

f
hl 2

N(x) = . axdy;
-h12

f
hl2

Q(x) = .O'xydy;
-h/2

1 fhl2
U A(X) = -h Ux dy;

-h/2

q*(x) = O'r(x, l)-O'ix, ~ 1)

(h/2

M(x) =, YO'x dy
~ - hl2

12 fh l 2
f3(x) = -,3 YUu dy

1 -h12

1 fh l 2
WA(x) = 'h" U), dy.

-- hl2

( (3)

(14)
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In terms of the coefficient functions used in this study, we have

p(x) = 2S~~); p*(x) = 2S~~); q(x) = 2S~0); q*(x) = 2S~1)

U~l)- U~3) = ~P(X); U~O)_ U~2) = Uix); U~O)_ U~2) = WA(x) (15)

S(O) = N(x). S(1) = 6M. S(0)_S(2) = Q(x)
x h' x h2 ' xy xy h'

In the study to follow, we assume that tractions are prescribed on '1 = ±1 so that
p(x), p*(x), q(x), q*(x) are given functions. Specializing equations (5Hll) for a third order
theory (M = 3) yields, after some algebraic manipulations, the following governing
equations:

Extension

dN(x) +p*(x) = 0
dx

E h~(U(O)-U(2)) = N(x)- VXYh[q(x)+~dP*J+ vXyh
2
~S(3)

x dx x x 2 6 dx 6 dx xy

d
4

(3) ~ Ey ] d
2

(3) 504 Ey (3)

dx4Sxy +Pl2vy
x- GXY dx2SXY +/;4 Ex

SXY

21 d3q 9 d4p* 42 ( Ey )d2p*
= lOh dx3 +20 dx4 + lOh2 2vyx - GXY dx 2

(2) (4) _ P*h( 1 vyx) h
2

dq h
3

d
2
p* 5h(Vyx 1) 5 h

3
d

2
(3)

Ux -Ux -12 Gxy-Ey -24Ey dx-112Ey dx2 +21 Ey-Gxy +252 Eydx2SXY

S(2) = E ~(U(2)- U(4»)_ vxyh dp* +2h ~S(3)
x xdx x x 12 dx 21 vxy dx xy

S(2) = _~ ~(P* _S(3»)
y 6 dx 2 xy

S(4) = _~ ~fS(3»)
y 14 dX' xy

U(!)- U(3) = ~~~rSf) _ NJ ~[! dp* _~ dS~t>J
Y y 4Ey+2Q 5 h +4Ey 5 dx 7 dx

(3) (5) ~ h2
dp* h (2) h2

d (3)

Uy - Uy ~ - 120Ey dx - lOE/YXSX +36Ey dxSXY'

At

(16)

(17)

(18)

(19)

(20)

and

x = X, we have

U~O)_ U~2) = UA

Uf)- U~4)

or N specified

or S~2) specified

or sW-SW specified.

(21a)
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At x = .x
U\?I- U\?) or Q/h specified

U\21_ U\4) or (E_g_ 5(4») specified2 h xy

and

hlj 6M
specified

2
or fl2

U(3)- U(Sl or 5(3) specified.x x x

(22)

(23)

(24)

(25)

(26)

(27)

(28)

Note that we are able to combine and manipulate the equations so that all unknowns
are in terms of shear stress functions S'xtl (for extension) and S~V (for bending); once the
shear stress function is obtained, then all unknowns can be determined completely. Note
that classical beam theory including transverse normal stress and shear deformation are
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seen to be just equations (16) and (22) with S~~, S<x~) and (U~2) - U~4») omitted; the third
order theory contains the first correction terms in extension and bending.

The effects of orthotropy, as far as changing stress and deformation distributions, are
not present in classical theory. The governing equations for classical beam theory are
modified only by the value of the material constants; the form of the equations are the
same for isotropic and for orthotropic beams. Ina higher order theory the effect oforthotropy
can severely modify the form of solution as will be seen in the following examples.

APPLICATION OF THEORY

We consider the determination of the elastic distribution for simply supported beams
under uniform load, as shown in Fig. 1. This problem has been previously studied in
Ref. [4]. We note that p*(x) = p(x) = 0, q(x) = q*(x) = -p; the use of simple support
conditions at x = //2 yields

Q(x)=px; N =0 (29)

and governing equations for the higher order shear stress functions

d4S~~ 12[2 _ Ey ] d
2

S(3) 504 EYS!3) = 0
dx4 +h2 vyx G

XY
dx2 xy + h4 Ex xy

d4S~~ 504 [2 _ Ey ] d
2

S!4) 45360 EYS!4) =
dx4 + llh2 VYX G

XY
dx2 xy + llh2 Ex xy 0

(30)

Although it is possible that for certain values ofthe material properties, the characteristic
equations will yield repeated roots, in the work to follow we restrict consideration to
values for material properties which yield solutions to equation (30) as:

S~~,> = e-aIX(c1cos /31X+C2 sin fJ 1x)+ea
.<x-I/2)[c3 cos /31(x-//2)+c4 sin /31(x-l/2)]

or

PL
2

y
p

1 1 1 1 1 1
~

T x
~
f

~L1
1---- ; ----..11----- ; ----~

FIG. I. Beam under uniform load.
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where !XJ, !Xz, pJ, Pz, YJ, i'z, OJ, Oz are real, positive numbers. For large enough values of
!Xl> !Xz, Yl' i'z, 01. bz, we may neglect end interactions when evaluating boundary conditions;
to study the form of solutions away from the supports, we need only evaluate C I, ez, D j,

Dz· Since Q = 0 at x = 0, equations (2Ia) and (27) furnish boundary conditions for the
higher order coefficient functions at x = o.

DII

Using equations (18) and (24), we may show that the displacement conditions of equation
(31) also imply that

(32)

so that for this problem, we find

(331

Therefore, the shear stress solution away from the immediate vicinity of the end support
is

0-x)'

Equations (19) and (25) yield

Q 3px z
--[Pz(l1)-I] = ---('1 -1).

h 2h
(34)

S;3) = .'!.- dQ = p
- 10 dx 10

so that the solution for 0-)' becomes

With the above solutions, we can also show that

(35)

S(3) = -t{2V .. _.!S::..}
x 10 X.l G

x
)'

{Jph

5

so that the solution for o-x(x, 11) has the form,

(36)

Equations (34H36) agree exactly with the solutions of Ref. [4] for orthotropic beams.
In Ref. [4] it is shown that the material orthotropy does not cause a significant deviation
from numerical results obtained using classical theory. Of course, near the supports, the
theory developed in this work will yield certain localized additional distributions depending
on the exact nature of the support conditions; these effects were not considered in Ref. [4].
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As a second and more interesting example, we consider a very localized loading as
shown in Fig. 2. This problem has been previously studied in Ref. [6] for the isotropic
beam.

We now investigate the stress distribution in the immediate vicinity of the highly
localized pressure distribution. In order to obtain numerical data, we use material property
values from Ref. [4].

Ex = 24·3 X 106 psi;

vxy = 0·252;

v yx = Eyv
xy = 0.012.

Ex

q =qo exp (-ax/h)

I14-..------ L/2

Ey = 1·16 X 106 psi

Gxy = 0·44 X 106 psi

rigid block------,

pin
support "

~I

FIG. 2. Beam loading for sample problem.

For the loading considered, governing equations for the higher order shear stress functions
are

(37)

(38)

which admit the solutions

where
0·89

YI +-h-

+5·53
Y2 =-h-

III = 1-31·348 + 24·059
a 2 a4

s~t) = Do e- OtX + D
I

eOt (x-I/2) + D
2

e- 02X +D
3

e02(x-I/2) + (76.95 _ 3,27) qo e(-ax/h)

a3 a 112
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_ +10·86
()l = -h--

+ 1·29
63 =---

h

119·694 196·846
112 = 1-',--- +---"--.

a2 (/4

We again neglect end interaction in the evaluation of the integration constants;
hence, only Co, C2 , Do, D2 need be evaluated to study the solution near x = O. As in the
previous problem, equations (31) provide four boundary conditions to evaluate these
constants. Having evaluated the constants, the sheer stress distribution is fully determined
near x = 0; the remaining stress components are easily determined using the governing
equations of the third order theory. For loading parameter "a" = 20, we obtain (near
x = 0)

P
S~;l = [-0·0544e-O. 89(x/h1+ 1·1957 e- s ,s3(X!hl_l·1413 e-20(X/hll7,

S~4/ = [1.902 e" J O'86(x!hj + 0.296 e - l'29(x/hj - 2·198 e" 20(x/h)] ~
. h (39)

where

S(2) =
x).'

Q
h'

p
Q =-[e 20(X!h)_1]

2
(40)

Using equation (28), the shear stress is given as (near x = 0)

(41)

Figure 3 shows the shear stress distribution as a function of 11 at various stations in the
vicinity of the loading. Considerable deviation from the parabolic distribution of classical
beam theory is observed, although the deviation is essentially established near x/h = 1·0;
at x/h = 2·0, the shear stress distribution is identical with the predictions of classical beam
theory. The higher order solution for isotropic materials, presented in Ref. [6], is essentially
equal to the classical beam theory result at x/h = 004; thus, the material orthotropy
causes a slower decay of the local higher order shear stress. It is of interest to note that
the shear stress behavior is independent of thickness-to-Iength ratio, a fact which was
reported earlier in Ref. [6] for the isotropic beam.

The axial stress distribution has the form

(42)
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1.0 r--===----,--==::::::::--------,
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.4

.2

7J 0 t-+--+-fl-J+-+-----if-+--+-I+-+-+--; _ hr:r; y
1.0

-.2

-.4

-.6

FIG. 3. Shear stress profile near local loading.

where

M = PI [1- 2x_ 2h e-ax1hJ
4 I al

and S~2), Sf}) may be determined from the equations

(43)

(44)

The solution for the axial stress is a function of hll; also all of the material properties
appear explicitly in the solution; in the isotropic solution presented in Ref. [6J the material
properties do not appear explicitly. Numerical computations are carried out for hll 0-083
(a ratio which may be considered as representing a thin beam); the results are plotted in



1066 H. TSAI and A. l. SOLER

Fig. 4 and show that the local loading combined with material orthotropy cause significant
deviation from the linear distributions of classical beam theory.

Following Ref. [6], we define an error parameter E as

U2- U
E=~~xIOO

U x2

where
U x2 = max. axial stress predicted by third order theory

U xO = max. axial stress predicted by classical beam theory

Table I indicates that at x = 0 there is a 43 per cent error in the prediction of maximum
stress. Note that at xlh = 1, the axial stress distribution is nearly linear. The corresponding
result for the isotropic beam worked out in Ref. [6] predicted only a maximum error of
about 15 per cent.

TABLE [

E

0·0 0·[

22-6 6·9

Thus, our results indicate that in the vicinity of local loadings, material orthotropy
has a significant effect on the character of the axial stress. Even for thin beams, where
classical theory might seem to be valid, the axial stress distribution is severely modified.
For a larger hll ratio, the effects are even stronger. For hll = 0·2, numerical calculations
indicate that the maximum axial stress predicted by our third order theory is nearly
three times the maximum value predicted by a classical theory; in this case, it would seem
that even our third order theory is not adequate and additional terms should be computed.
The results indicate that for moderately thick orthotropic beams under local loading,
the higher order effects may be of a non-negligible character over the entire length of the
beam.

The resulting theories are similar to those developed in a previous work for isotropic
materials. The slight differences that appear between the theory developed here (when
specialized to material isotropy) and the theory developed in Ref. [6J are solely due to
interchanging the order of truncation and manipulation of the equations; for practical
computations with isotropic materials, the slight changes are of no significance.

These new approximate solutions show that material anisotropy can have a significant
effect on the stress distribution in the vicinity of local loadings to the extent that use of
any classical beam theory severely underestimates the maximum stress values. However,
for slowly varying loadings, the results presented here verify the conclusions drawn in
Ref. [4J that material orthotropy can be accounted for within the realm of a classical
beam theory.
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~ .. I 0h .
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FIG. 4. Axial stress profile h/L = 0·083.

Finally, we point out that the method of approach developed here can be used to
derive higher order structural theories fOl plates and shells. It is highly likely that the
generalization of our work here to plate and shell structures will show that whenever
the effective transverse moduli of a built-up plate or shell structure are significantly less
than the in-plane moduli, classical theories may be inadequate to provide an accurate
description of behavior under local loadings. We note that the structural behavior of
such configurations near '"hard points" or boundaries are of interest for various aero
and hydro-space applications; thus, the further development of approximate higher order
theories is merited.
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A6CTpaKT-l1ccueAyeTcli onpeAeUlilOll.\lie ypaBHeHHlI .nUll OpToTponHoii, npjlMoyronbHoii nonOCbl C
ueJIblO nony'feHHlI perneHHil:, I1UJIlOCTPHPYlOll.\I1X 3aBHCilMOCTb Mell<ilY KUaCCiI'feCKo!i Teopileil: 6auKH 11
TeopilllMH BblCrnliX nopliAKOB. TO'fHble ypaBHeHilli o606ll.\eHHOH nnocKoil: Teopilli ynpyrocTH CBO)l,lITCli
K conplilKeHHblM CIiCTeMaM 06blKHOBeHHbiX )l,i1<p<pepeHuilaubHblx ypaBHeHilH, nYTeM npe)l,CTaBJIeHlili IiX c
nOMOll.\blO pll)l,OB B nOUIiHOMax uelKaHApa, )l,UlI Bcex 3aBHCilMbiX nepeMeHHblx. )].alOTcli conplilKeHHble
)l,1i<p<pepeHUHaJJhHhle ypaBHeHHlI B TaKOM BHAe, 'fTo6bl lIMeTh B03MOlKHOCTb JIerKO onpe)l,eJlHTh npaBHubHylO
cxeMy oT6paCblBaHHlI 'fJIeHOB, C ueJIblO Bbl60pa npOH3BOJIbHOii TeOpHl1. Bblcrnero nOplI)l,Ka. Pa3pa60Tbl
BalOTCli npHMepHble 3a)l,a'fH AJlll: paBHOMepHO If JJOKaJIbHO 3arpYlKeHHbix 6anoK, .lICllOJIb3Yll nplf 3TOM
Tlinli'fHble 3Ha'feHHlI nOCTOllHHblX MaTepliana. CpaBHeHHe pe3YJlbTaTOB C cYll.\ecTBYlOll.\HMIf perneHHlIMH
YKa3bIBaeT Ha TO, 'fTO 3a)l,a'lli KaCalOll.\HeCli Me)l,UeHHoro H3MeHeHHlI Harpy30K C OpTOTpollHeil: MaTepHana
MOlKHO npHMeHlITb B CMblcne KUaCCH'IeCKOH TeopliH TOHKOCTeHHblX 6aJIOK. O)l,HaKO, UOKanbHble Harpy3KH,
CB1I3aHHble c OPTOTpolllieli MaTepHaua, He )l,alOT B03MOlKHOCTH HcnOUb30BaTb KaKOH TO HH6y,~b

KUaCCI1''1eCKOli TeopHH 6aUOK, nalKe nUll TOHKOCTeHHblX 6anoK.


